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This note review the essential argument about LSM theorem made by Oshikawa:

In a quantum many body system with periodic boundary condition and well-define con-
served particle number, a finite excitation gap is possible only when particle number
per unit cell of ground state is an integer number. Otherwise, it could be gapless,
symmetry breaking, or topologically ordered.

Argument:

Suppose we have a quantum many-body state lives on a lattice L, x L, with periodic
boundary condition. We arrange the lattice in to a cylinder and magnetic flux ¢ in the &
direction is piercing through the cylinder. In the simplest gauge choice, we could choose
A,=¢/L,. Let’s first review single particle in magnetic field and gauge transformation.
If a particle with charge ¢ = —e in a gauge field (¢, ff), then the Schodinger equation
1S:
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If we do a gauge transformation: ¥ — e hc 1), then A -+ A — Vf.

Suppose the system is in the ground state [¢)) when ¢ = 0. We can choose [tg) is
1
also an eigenstate of the translation operator T, = exp —3 P ) since [T, H] = 0. So

T, [to) = exp(—+Fy) |1o). We can adiabatically increase ¢ by a flux quanta ¢o = hc/e.
And the ground state of H(¢yg) is |#,). Usually H(¢) differs from H(0) and has AB-

effect as a physical different consequence. But H(¢y) can be gauge transformed to

H(0).We can do a a gauge transformation U = exp ——Zﬁxnr) Y — U, and
> h /
A — n—c - Z nyg = 0. Therefore, UTH(¢o)U = H(0), and |¢,) is mapped to

U |by). NOW we are going to prove that U |¢,) and |¢g) are different ground state. We
are going to calculate T,U |¢y).

211

T,U 60) = UUTT,U |6y) = UThe L [gp)(.2)

2r N
Therefore, the momentum of final state is Py + WT N = ]BLILy, SO0 Pana = Py +
q

27T—Ly. Because —Ly is not a integer, U |t,) and [t/y). One can repeat the argument g

times to get g-degenerate ground state. The degeneracy may be arise from symmetry
breaking or topological order. And it is too general to get more information on that.
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